Introduction
Iwasawa gave in his seminal paper [4] from 1973 examples of Z p -extensions in which the structural constant µ = 0. In the same paper, he proved that if µ = 0 for the cyclotomic Z p -extension of some number field K, then the constant vanishes for any cyclic p-extension of K -and thus for any number field in the pro-p solvable extension of K. Iwasawa also suggested in that paper that µ should vanish for the cyclotomic Z p -extension of all number fields, a fact which is sometimes called Iwasawa's conjecture. The conjecture has been proved by Ferrero and Washington [2] for the case of abelian fields. In this paper, we give an independent proof, which holds for all CM fields: 2 PREDA MIHȂILESCU Theorem 1. Let K be a CM number field. Then Iwasawa's constant µ vanishes for the cyclotomic Z p -extension K ∞ /K.
1.1.
Plan of the paper and notations. This paper is related to the paper [5] on the Leopoldt conjecture for CM extensions and it maintains the notations and terminology introduced there: we will not redefine any basic object which has already been defined there.
The proof uses techniques based on inert Thaine shifts, and several results which have been proved in [5] . Although ideas like that of module stability under Thaine shifts and the terminology related to decomposition of modules are shared with [5] , the short proof is self contained.
If K is any number field, we write µ (c) for Iwasawa's µ-constant for the cyclotomic Z p -extension. We show Fact 1. Let K be a number field for which µ (c) (K) = 0 and L/K be a finite extension, which is galois over K. Then µ (c) (L) = 0.
Proof. We reduce the proof to the case of a cyclic Kummer extension of degree p. If M ⊂ L has degree coprime to p, then Ker (ι :
Gal(L/K)p be the fixed field of some p-Sylow subgroup of Gal(L/K). Then ([M : K], p) = 0 and thus µ (c) (M ) = 0. We may assume without loss of generality, that M contains the p-th roots of unity. Since pSylow groups are solvable, the extension L/M arises as a sequence of cyclic Kummer extensions of degree p. It will thus suffice to show that if k is a number field with µ (c) = 0 and containing the p-th roots of unity and
has an unramified elementary p-abelian extension of infinite rank, and the Artin isomorphism implies that µ(k ′ ) > 0, which completes the proof.
We shall prove the Theorem 1 by contraposition, starting with the assumption that there exists a CM extension K with µ (c) (K) = 0. Based on Fact 1 and Remark 1 below, we may assume that 1. There is a galois CM extension K/Q which contains the p-th roots of unity and such that µ (c) (
The first condition is obviously achieved by taking the normal closure of K and adjoining the p-th roots of unity. The second is achieved after eventually replacing the base field by some intermediate field in the cyclotomic Z p -extension, as explained in Remark 1, below. If l > 0 is such that µ p l ⊂ K but µ p l+1 ⊂ K then we set the numeration of the fields to be
We recall from Definition 3 in [5] , that x ∈ A − is called of λ-, of µ-or of finite type, according to whether Λx has finite rank, infinite rank and finite order, or is finite, respectively. The modules L, M ⊂ A are the modules of elements of λ-resp of µ-types, and they both contain by definition the finite type elements. In the cyclotomic Z p -extension of CM fields we always have L − ∩ M − = 0. Elements x ∈ A that split as a sum of an element of λ-and one of µ-type are called decomposed and they build the module D ⊂ A, with [A : D] < ∞.
1.2.
Thaine shift and the main coherent sequences. We define here the fields and modules which will be used for the proof. Let K be a galois CM extension constructed as above. Let in particular
There is some smallest integer ℓ which depends only on a, such that
and a can be chosen such that ℓ is minimal under all possible choices.
Let m > l be some integer, the size of which will be fixed in the next chapter, and let q ∈ a 1/2 m be a prime which is totally split in K m /Q and inert in K ∞ /K m , let F ⊂ Q[ζ q ] be the subfield of degree p in the q-th cyclotomic extension and L = K · F be the inert Thaine shift induced by q. The galois group F = Gal(F/Q) is a cyclic group of order p, generated by ν ∈ F , and we write s := ν − 1. The algebraic norm
The arithmetic norm will be denoted by
For all n > m we have N (b n ) = a n . In particular, a = N (b) and pb n = a n ; sb n = 0 for n ≤ m.
be the submodule spanned by the classes of primes that ramify in L n /K n . By choice of L, these are the primes above q and consequently
we have a fortiori p k+1 B ′ n = 0 for all n ≥ m. The notation introduced here will be kept throughout the paper.
Auxiliary facts.
We prove next some consequences of Hasse's Norm Principle.
Proof. Let q ∈ N be the prime below q; by definition, we have
, the galois group acting on the prime q n := qO(L n ) and
The Hasse Norm Principle implies that x ∈ K × n is a norm from L n iff it is a norm at all the primes above q; the local norm defect is a subgroup of order p in F × q [ζ p n ] and a generator thereof may be identified with ξ n , with
To see this, note first that
and which is totally split in L n /Q, and let R ⊂ L n be a prime above (ρ n ). By definition, we have N (R 1− ) = (ρ n /ρ n ) and R 1− cannot be principal, since otherwise ρ n /ρ n ∈ N (L × n ), which contradicts the choice of ρ n and of ξ n . We obtain thus a map of
). The same argument shows that the kernel is trivial; indeed, for r ∈ R n with ψ(r/r) = 1, the above construction leads to r/r = 1. The map is also surjective: indeed, let x ∈ Ker (N :
This implies that ψ is surjective and confirms the claim.
Notice that one may choose a sequence ξ n , such that the images π ′ (ξ 1− ) n are norm coherent. Under the action of ψ at different levels, we conclude that there is a norm coherent sequence
, let n ′ ∈ N be large and and π(
Proof. We first prove that H 0 (F, A − (L)) = 0, which is equivalent to (6) .
We may thus assume, after eventually modifying ξ by a root of unity, that N (ξ 1− ) = 1. Hilbert's Theorem 90 implies that there is some γ/γ ∈ L 1− N such that
Consequently, the class x N contains a product of ramified ideals. Recall that B ′ N = ι m,N (B ′ m ) is spanned by the classes of the ramified primes and
This happens for all N sufficiently large, so Λx ⊂ A − (L) must be finite, which is absurd: A − is free of finite torsion in cyclotomic Z p -extensions. This completes the proof of (6).
Let γ n ∈ A − (L n ) be defined in the previous lemma. In view of (2), pγ n = −s p−1 u −1 (s)γ n and assuming without loss of generality that ord(γ n ) > p,
) and let α = T c γ + sw according to (4) .
Then N b commutes with ν and we define β := N b (γ) ∈ A − (L ab ). Since L (ab) is abelian, the Theorem of Ferrero-Washington implies that β is an element of λ-type. We may assume without loss of generality that the modules A − n (K ab ) are stable beyond the base field, since this already holds for K, so let d = d n (β) := p-rk(Λβ n ). Recall that q is totally split over Q; consequently H n := Gal(L is totally split. Note that by definition of β, its projection generates H 1 (F, A − (L (ab),− )). We recall that we defined in the previous proof
then f β (T )π(β) = T e π(β) = 0 and a fortiori ν m,1 π(β) = 0, in contradiction with the fact that β generates the d-dimensional
under the transitive action of T . On the other hand, we assumed that h = g(T )γ ∈ M − (L) and thus N b (h) = 0, also a consequence of the Theorem of Ferrero-Washington. Thus
By the above, we must have deg(g) ≥ deg(ω m ), as claimed. But then π(h) = 0 and thus
) and thus c ≥ d by the same reasoning as above. It follows that
, which completes the proof.
Note that the proof of (6) also implies that at finite levels, for N > m + l we have
The following useful fact was proved by Sands in [6] : Lemma 3. Let L/K be a Z p -extension of number fields in which all the primes above p are completely ramified. If
We have shown that we may assume without restriction of generality that µ p 2 ⊂ K. Let a ∈ M − (K) and q ∈ a 2 , with a 2 = 0, be a totally split prime which is inert in K ∞ /K 2 . Let L/K 2 be the inert Thaine shift of degree p 2 induced by q, let b 2 = [Q (1−)/2 ] be the class of the ramified prime of L above q and b = (b m ) m∈N be a sequence through b 2 and such that
The vanishing of µ
We denote in the sequel by R the group ring and We show:
Proof. Let φ(s) be a distinguished polynomial of degree d as defined above. Assume first that s c b N = 0 for some c < p. If this were the case, upon multiplication with s p−1−c we obtain
, which settles this case. We can assume now that φ(s) = s d − p e h(s) and e > 0, h(s) = 0 and deg(h) < d < p. Using Weierstrass preparation and the fact that units of R do not impact on annihilators, we can choose h to be a distinguished polynomial. As a consequence, if d < p − 1, then
Hence a N = v −1 (s)a N = pb N and ord(b N ) = p · ord(a N ) which confirms the claim in this case.
if the expression in the brackets is a unit, we may conclude like before.
Otherwise, e = 1 and h(s) = −1 + sh 1 (s). We obtain, after clearing singularities,
with h 2 (0) = 0 and not p-divisible. We obviously have pa N = N (a N ) = N (O(s)) = 0, which contradicts the fact that ord(a N ) = p k > p 2 , which completes the investigation of the case d = p − 1.
Maintaining the notation B = B N , we now treat also the case d = p:
Proof. We have established above that there is a distinguished polynomial φ(s) ∈ R of degree d ≤ p which annihilates B. If d < p, we have shown that ord(b N ) = p ord(a N ). We claim that the same holds also if d = p. We show that Ker (s :
We conclude that H 0 (F, pB) = 0. Indeed, let y ′ = py ∈ pB with sy ′ = 0. Then sy ∈ B[p] and the previous result implies y ∈ Z p a N + B [p] . Let thus
Consequently, H 0 (F, pB). Since pB is finite, the Herbrand quotient vanishes, and it follows that H 1 (F, pB) = 0. In the assumption that d = deg(φ) = p, we claim that ord(b N ) < p 2 ord(a N ). Suppose not, and let C = pB, a module with vanishing Tate cohomologies and c N = pb N , a ′ N = pa N . We assume that ord(c N ) > p 2 ord(a ′ ). There is an exact sequence of 
and
there is some y ∈ C with non-trivial image 0 = y ∈ C/pC, such that x = ry for some r ∈ p N . Therefore
). The previous estimates for the dim(F i ), i = 0, 1 imply that and C[p] = F 0 ⊕ F 1 as an F p -vector space, and both F j = 0, j = 0, 1. Note that
VANISHING OF µ 9 upon multiplication with p e−1 we obtain
By definition of j, it follows that
and qp e−1 u 1 (s)c N = 0. The identity in (8) becomes f 0 + f 1 = 0 and since We can now provide the proof of Theorem 1:
Proof. We choose a ∈ M − (K) \ MM − (K) with order ord(a) = p k ≥ p 2 , and ℓ = ℓ(a), as defined in (1) , such that a ∈ T ℓ−1 A − (L)+pA − (L); the integer m shall be chosen such that p m−k−1 > max((ℓ + 1) 2 , p 2 ), say. We assume that b is a lift in an inert Thaine-shift at level m, as described. Then sb m = 0 and the Theorem 6 of Iwasawa [3] Let a ∈ A − (K)/(pA − (K)) = zT v be the image of a in the quotient A − (K)/(pA − (K)), with v to be estimated. The identity (9) implies that v ≥ deg(ν m,1 ). We can choose m sufficiently large, so that v > ℓ + 1, so a ∈ T ℓ+1 A − (K) + pA − (K): this is a contradiction to the choice of ℓ, which completes the proof.
Note that our proof uses the Ferrero -Washington theorem, but could be reduced to using a simpler version of it, holding for instance only for abelian fields which are composita of Q[ζ p ] and a cyclic extension of degree p of Q.
However not more than the trivial case was correctly proved; Sören Kleine undertook within part of his PhD Thesis the task of brushing up the proof. He succeeded to do so, with the exception of the details related to decomposition, which we treated here. I owe to Sören Kleine for numerous useful discussions sustained during the development of this paper. I dedicate the paper to the memory of Alf van der Poorten.
